Brief Introduction to Tensor Algebra
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1. Basic concepts
1. different coordinate systems
a. rectangular cartesian coordinates
b. generalized cartesian coordinates
c. orthogonal curvilinear coordinates
d. generalized curvilinear coordinates
2. tensor algorithm
a. contravariant and covariant components

For basis g1, g2, 3:



non-coplanar condition: (g; X gs) - g3 # 0
u=u'g +u’gy +u’gs = u'g

For reciprocal basis g!, g2, g3:
g'-g =9

)

u=ug" + ug® + usg® = u;g

wgl = ugogl=uidl =
gl s
u-g; = u'g-gj=ud; = u,
: contravariant components
u;: covariant components
: contravariant base vectors

g;: covariant base vectors

b. Relationship between contravariant and covariant components
_ — (K _ Lk
up=u-g; = (u'gy) g =u"(8k &)

Introducing metric tensor:

gik = 8i- 8k

ik ik

The relationship between contravariant and covariant components :

(10)

(11)



The relationship between contravariant and covariant base vectors:

g = gijgj
g = g'g
c. Calculations of g;; and ¢g“
_or
gi = O

where r is position vector. In rectangular cartesian coordinates:

I = y1a1 + Y222 + ys3ag

The covariant base vectors can be expressed as :

Oy 0y 0y

i = -a -a -a
g 8x11+8x22+8x23
=g g = 0
To find g%,
gl _ g2 X g3
g1 - (gz X 83)
gz _ g3 X 21
g1 - (gz X 83)
g3 _ g1 X g2
g1 - (gz X 83)
gij = (grsgmn - gmng)/g
where

(15)

(18)
(19)

(20)

(21)



where ¢ is the determinant of the metric tensor.
The Jacobian value of the coordinate transformation:

Oy Oy Om
ozl  09x22  0x3

J=|om o om =g (25)

dys  Oys  Oys
oxl  0x2 0Ox3

another expression of g

ik ik 02" 0x!
A N T (26)
Some examples:
Rectangular cartesian coordinates,
9ij = 5z'j-
Cylindrical polar coordinates,
911 = 1,92 = p?,gss = 1, and g15 = g3 = ga1 = 0.
Orthogonal curvilinear coordinates,
gij = 0,1 #J.
d. Dot products in general coordinates
1) Scalar products of two vectors
In generalized coordinates
u-v=(u'g;)- (Ujg‘j) (27)
according to
g g =4 (28)
we obtain:
u-v = u'y (29)

2) dot products of second order tensors
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T=T,g's' S=5"gg

The dot products:

TS = (T;g'e) (S"gke)
= Tijgiéisklgl
= T;5g'g
3) double dot products of second order tensors

The defination of double dot product:

(ab) : (cd) = (a-c)(b-d)

T:S = (Tg'g): (" gue)
= T,;5"(g" - gu)(g' - g)

T, 5"

I1. Differentiation of tensors
1.The differentiation of base vectors

1) derivatives of base vectors

og;
oxd

=Tig +hge + Tgs = Iijex

-T fj Christoffel symbols of the second kind.

r r Og;
k 1 k <l i1
0g;
k ik
lii = oxd g
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(30)

(31)
(32)

(33)

(40)



Christoffel symbols of the first kind:

0g;

oxJ
Formulas for the Christoffel symbols of the first kind are

0g;i
Lij = Oy Bk

Calculation of Christoffel symbols

dg O or  OPr

Oxd — 0xI Ozt - 0x7 0zt

and
oo
oy
ko 0%y 0Oz
Yo Qx0T Oy
and
| R Oy Iy
R i dxd Ok

2) The relationship between the Christoffel symbols

0g; 0g;
k ik i
lij = oxI g oxJ

e = ¢"'Ti;

similarly,
Liji = gl
o8t
gi-g = 53
CRAE
ng = i %

- =Ting" + ijpg® + Tijsg® = Tijug™

(41)

(47)

(48)

(49)
(50)

(51)



Ig’ i i
orF —Te (52)

3) Examples of Christoffel symbols:

(1) Cartesian coordinates (rectangular or generlized cartesian)
IY =Ty =0 (53)

(2) Cylindrical polars

In cylindrical polar, all the components of Ffj are zero except for
2 2 1 1
Iy =T5% = ;7 Iy =—p (54)
or the Christoffel symbol of the first kind,
Piog =Tap=p, Too1=—p (55)

(3)Spherical polars

non-zero components of Christoffel symbols for spherical polar coordinates are
1 1
F%2 = Fgl = F??, = Fgl = (56)
r r
[y, =—r, T =13 =cos, T3, =—rsin®), T3 = —sinfcosd (57)

2. Covariant derivatives of vector fields

ou Og;  Oou'
. — ¢ - ~ .81 58
oxJ b ord  OxJ g (58)
; ou’ o' .
= u F?jgk + @gi = (% + ijuk)gi (59)
The covariant derivative of the contravariant vector u’.
i ou' ik
u'y = pe + iju (60)
ou ogt  Ou;
oxJ Y oxJ + 8x3g (61)
ik Oup g du; k i



The covariant derivative of the covariant vector wu;

The relationship between these two kinds of covariant derivatives:

ou
oxd

i

So
Uij = GikU j
3. Grad, div and curl

1) gradient of a scalar

The grad operator

o,
d=V =g'—
gra 85
The gradient of a scalar:
grad¢ = V¢ =g' 99
ox'
0 ., 9

dp =g'— = g"g;—
gra ¢ gaxl g gjaxl

2) gradient of a vector

J ou
raau = -

9 ang
ou ou” »

gradu = uf‘;gkgi

8

i i k k i
= Ui ;& = U ;8i = UGk = U ;Jki8

(63)

(64)

(66)

(67)

(69)

(70)

(71)



ou
k
- = Uk 8

ox?

gradu = vmgkgi

3) divergence of a vector

dZ’Uu == ’ i
fI'OIn

ou B (Buk
ort o

+ Ujri?j)gk = utgy,

divu = g

SO

4) divergence of a second-order tensor

A second order tensor can be written as

T = TYgg;

9

(84)



oT 8Tij gi i
Ok = Ok gi+7T T jk8m
oTY

= 58t Tl gm + TV il 8m

or . oT*

o8¢ = Sorgit T g + Tgily,
— %i;gl + T g + T g
divT = Ti'g;
T =T,g'g
divT = gjsz'j,kgi
T = Tjgig’
divT = gjiji,kgi
where
o7 :
Tir= 5 LT, —T0T

5) curl of vectors

Ju
oxt

curlu = g' x

1 ..
curlu = —e*y,, g;
Voo

where e”* are the permutation symbols.
0 if any of 7, j, k are the same
€ijk = § +1 if (4,7, k) is a cyclic permutation of (1,2,3)
—1 otherwise
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III. Tensor expression of basic terms in fluid mechanics
1. convective terms

The acceleration term:

ou

a = - + (u- grad)u (100)
= 5t (gradu) - u (101)
= 86_1: + div(uu) — u(divu) (102)
Ou 1
= E%—grad(iu-u)—kw X u (103)
1) (u-grad)u
u = u'g; (104)
grad = g' aax" (105)
.Ou
. d = u'— 1
(u- grad)u U (106)
= u'ul;g; (107)
2) div(uu)
uu = u'u’ g;g; (108)
div(uu) = (u'u¥) g (109)
3) grad(su - u)
1 I U
grad(§u ‘u) = JUU = S giju u’ (110)

2. pressure gradient term
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where 1V is the contravariant component of the gradient.
3. diffusion terms

div'T = div(vD)

D is the rate-of-strain tensor:

1
D = i[gradu + (gradu)’]

(gradu)? is the transpose of gradu.

1 0/govD¥
V9o 0xF

divT = a; + VDijj-kai

Smagorinsky’s subgrid turbulence

In rectangular cartesian coordinates:
1 T
Vs = chAydgradu + (gradu)” |
In curvilinear coordinates:

Vg = C\/.%A§1A£2|D|
= /AL AL(D : D)2

= /A& AE(DY D)

IV. Two examples of coordinate transformations

1. Boussinesq equations in curvilinear coordinates
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Boussinesq equations in rectangular cartesian coordinates:

77t+VM:07
Zi T, 2
M = (h+n)u+(h+n)[§—g(h — hn+n*)]V(V-u)

)+ 5 (= VIV ()],

u + (u-V)u+gVn+ Vi + Vy =0,

2

1
V= %V(V-Ut) + 2, V[V-(huy)] — V[§7I2V'ut +nV-(huy)],

Va = V{(z — ) V)-(h)] + 5~ o) (m V)(Tw)

—l—%V{[V-(hu) +nV-ul?}.

1)transformation of mass equation

Ul +V-M = 07
where M is the depth-integrated volume flux given by

(h?* = hn +n*)]V(V-u)

D=

SRS

M = (h+n)u+(h+n)]

)z + 5 (h— )]V [V ()],

Tensor invariant forms:

1 0
n: + ﬁ@(\/g_oMk) =0,
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M = (e () 0 = P
F i+ 50— o (a (120)

2)transformation of momentum equations
u+ (u-Viju+gVn+ Vi + Vo =0, (127)

The tensor invariant form:

— +gn!* + il + VE+ V=0, (128)
1
Vi = %V(V-ut) + 2, V[V (hu;)] — V[§772V'11t +nV-(huy)], (129)

Tensor invariant form:

1 0
Ve = 2[@@(@“1)]%

=g V)

s i( by 4
2/ ol V90U

%

+2z4|

(b (130

Ve = V{(za —n)(u-V)[V-(hu)] + %(ny —°)(u-V)(V-u)}

VAV () + gV ). (131)

Tensor invariant form:

Vo= {(za—mul%[%axim(\/g_o wp
d m k
| G Y

(Vi) + o ) (132

+5 (2

"
ey

NG

N~ N~
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2.Shorecirc equations in curvilinear coordinates

1) PS99, eqn (9) depth-integrated momentum equations:

1 1 1 1
—+ —VH'T+—VH'S+ghVC——TS+—TB:0
p p PP

tensor-invariant forms

0

ot
9¢

1, o 1 . o 1., 1,
+—Tﬁﬁ + —Sﬁﬁ +gh==>¢"" — =78+ =15 =0
p p pt o p

0&p

2)The general form of the horizontal momentum equation PS99 (10):

8uH 1
o + (V- (uu))g = —;(VP)H

where u = ug + w, ()y means the horizontal components.

(V- (uu)g = (u"u*)aq

= Vg (ugun) + (vw) ,a,

where a = 1,2 and k= 1,2, 3.
Expending (u®w) . and using coordinate transformation

ou*w
(v w), = P + Fgguﬁw + F?ﬁ’guo‘uﬁ

ou®w

0z

(Fg:a - F?és - O)

ou®w

a
0z °

(V- (uu))g = Vg - (ugun) +

15

—(VOR) + (VVPh + /_ Ch VevPdz + Qv (Q) + Vir(Q)Qy)

SR+ Va7V [ VevPas + V@) + V@A) (183)

(134)

(135)

(136)

(137)

(138)

(139)



In the tensor-invariant form:

Acceleration term in noninertial coordinates

Coordinate transformation:

i i
r = (y17y27y37t)7
or inverse transformation:

ym = ym(xl7 ‘7‘27 x37 T)7

Acceleration term:

Dv' (8 ‘
a=—g;
Dr ™ or
where
vt =T relative velocity components
w' = % ym — frame velocity components
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T=1

t=r

7

+ 207w’ — ww';)g;

(140)

(141)

(142)

(143)



