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In this paper, the wet—dry grid point method (WDM) with generalized curvilinear

computation grids is introduced with the aim of presenting a kind of effective
numerical model for real-time forecasting of storm surge flooding. To realize this
general WDM method, generalized 2-D shallow sea dynamic equations in curvilinear
co-ordinates are derived, and the contravariant components of the velocity vector are
employed for easily realizing boundary conditions and making the wet-dry point
judgement criterion more reasonable. As the generalized equations are not limited to a
specific co-ordinate transformation, a self-adaptive grid generation method, which
optimizes simultaneously grid smoothness, orthogonality and variation in cell
volumes, is then proposed to meet the needs of WDM with varying spacing grids.
The paper also provides a numerically stable difference scheme and this scheme is
proved accurate by the verification calculation of observed storm surge. © 1998
Elsevier Science Limited. All rights reserved.
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equations in curvilinear co-ordinates.

1 INTRODUCTION

The moving boundary numerical model is normally
employed for computations on shallow water flow with
deforming lateral boundaries in wide tidal-flat areas. Such
a model not only remains true to the actual fluid dynamic
process but can provide the flood range as well. The earliest
and most widely used model of this kind is the wet—dry grid
point model (WDM)[1,2] with a rectangular grid which
allows the advancing water front to move discontinuously
from one grid point to another according to a prescribed
criterion of wet and dry point selection. The WDM model
with large grid spacing, however, is not so effective in
computations with large water intrusions such as a storm
surge inundation, because the discontinuity of the boundary
movement may lead to short wave error and consequently
affect the numerical stability. In order to avoid this short-
coming, fine grids are needed for the WDM model even
though the computation time may greatly increase. An
example of this kind of WDM is the SLOSH model.[3]
SLOSH employs the varying polar co-ordinate grid to
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make fine grids in coastal areas, and as a result, a high
accuracy can be obtained in storm surge flood
computations. Whereas, because of the adoption of the
uniform polar co-ordinate grid, SLOSH is not applicable
in all cases, especially in complex regions such as small
bays as in the Bohai Bay in China. In recent years, in
computations on shallow water flow with lateral deforming
boundaries, the Lagrangian tracking method with curvi-
linear grids has been employed in order to realize the con-
tinuous motion of coastlines. Lynch and Gray proposed a
finite element simulation of shallow water flow in continu-
ously deforming regions,[4] whereas the computational
overheads characteristic of finite element procedures may
make the method expensive. Johns et al.[5] put forward a
co-ordinate transformation method (CTM) to simulate a
continuously deforming lateral boundary in storm surge
floods. By virtue of such a method the kinematical bound-
ary conditions are employed perfectly by introducing an
algebraic co-ordinate transformation with a time term.
However, the application is limited to a simple transforma-
tion in a single direction, which can only deal with some



276 F. Shi et al.

partial movements of coastlines. From this a numerical
instability will arise because of the excessive shearing
of coastlines. In order to solve this problem a similar co-
ordinate transformation in the polar co-ordinate was
conducted by Shi and Sun[6] to improve numerical
stability and enlarge the calculated area for the com-
putation of storm surge floods in a bay, though the alge-
braic co-ordinate transformation is still restricted to
computations of some simple area. More recently, a self-
adaptive grid method (SAM) was advanced by Shi and
Sun,[7] who adopted a generalized co-ordinate transforma-
tion with a time term to improve the CTM method. The
attractions of this method are considerable because the
generalized shallow sea dynamic equations are suitable
for dealing with all kinds of co-ordinzte transformations,
and therefore the self-adaptive grid system can easily be
introduced to represent a variable analysis area extending
and contracting in response to the continuous movement of
lateral boundaries. For real-time forecasting of storm surge
flooding, however, the SAM method needs to be further
perfected in order to solve such problems as grid genera-
tions in complicated topography and control of grid density
on boundaries. Moreover, the SAM method may require a
longer computation time because of automatic generation
of the grid at every time step, which may delay the storm
surge forecasting.

In the present paper, the WDM method on a generalized
curvilinear grid is introduced. The equations derived are
similar to those in the SAM method and the self-adaptive
grid generation method is used to make the grid fine in the
coastal area and fit boundaries and topographies. The wet—
dry point judgement criterion in the genzral non-orthogonal
grids is put forward to realize the movement of the lateral
boundaries. Numerical calculation provides good numerical
stability because the short wave errors are greatly reduced.
Accuracy is also shown by the real-time forecasting of
the storm surge flooding of the Huanghe Delta on 7 April
1994.

2 EQUATIONS ON THE CURVILINEAR
CO-ORDINATE

In rectangular Cartesian co-ordinates, the governing equa-
tions of the depth-averaged components of velocity, u and v,
can be described as
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Fig. 1. (a) Physical plane and (b) transformed image plane.

Where f denotes the Coriolis parameter; the pressure is
taken as hydrostatic and the effects of astronomical tide-
generating forces and barometric forcings are omitted; ¢
denotes surface elevation, H=~Ah+ {; h is the depth from
the undisturbed sea level to the sea-floor and 4 can be
negative in the calculated land area. (7., 7,) represents
the surface wind stress and the bottom stress is parameter-
ized in terms of a quadratic law; p denotes the water density
and the bottom friction coefficient k is taken to be 2.6 X
107

A general co-ordinate transformation is introduced then

£=£(xy), n=1n(,y) )

It should be noted that the transformation is independent
from time, which is different from the transformation
chosen in the SAM method. Therefore the transformed
co-ordinate is fixed in the calculated region. The chosen
boundaries I'|, ', I'; and 'y in the physical plane thus
becomes II,, II,, II3 and II; respectively in the image
plane as shown in Fig. 1.

To realize the boundary conditions conveniently in the
image plane, the general components of the velocity, i.e.
contravariant components of the velocity, are introduced
as follows

d¢  of 0

U=—=u—+v_ 5
dr 6x+ ay’ (®)
dy an an

&_ . . 6
dr 8x+ ay’ ©

and by using the following relations
Ex =yn/‘]’ Ey =

where J is the Jocobian value of the co-ordinate transfor-
mation, i.e., J =x;y, — x,y;, eqns (5) and (6) then become
the new representations in the image plane

—x,, ne= —yeld, ny=xl,

1
U= i(uyvl - vxv])’ (7)
V= ;( —Uyg — VXE). (8)

Egns (7) and (8) may apparently show physical meaning of
the components U and V if they are taken as representations
of vector forms. So, a set of unit vectors is defined as

=yl — X3, x2=(— ygi +xei)v,
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where av=/x} +y2, v=/x} +y}. It is clear that x, and
X 2 are the unit normal vectors on the co-ordinate curve line
¢ = const and n = const, respectively. Eqns (7) and (8) may
then be represented as follows

Vx, =Ulla, 9)

Voxo = Vily. (10)

Where V=ui+vj. Eqns (9) and (10) show that UJ/a is
the normal projection of V on the curve line £ = const
and VJ/y the normal projection of V on the curve line
n = const. So U and V can be defined as the general
velocities along normal directions of the curvilinear
co-ordinates.

The lateral vertical wall boundary condition, i.e., the nor-
mal velocity on the boundary is zero, thus this can be
described as a simple representation in the image plane by
means of eqns (9) and (10)

U=0at II] and Hz, (11)

V=0at Il and 11,. (12)

To a physical variable F, its partial difference respect to
the co-ordinates in the physical plane (x,y) can be trans-
formed into the following representations in the image
plane (£,7)
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eqn (1) can be written as
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In egn (15), dH can be described as a whole difference in
the image plane
dH oH oH oH

= T p U+ VS 16
g7 at+Ua£+ o’ (16)

and
du v
(+ 5;)
can be written in the image plane (£,7) by means of eqns
(13), (14), (7) and (8)
ou dv_17/aJU aJV)
ay I\ ot

By using eqns (16) and (17), eqn (15) may be transformed
into
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Eqns (2) and (3) may be transformed into the final
equations in the image plane by means of (13), (14), (7),

(8) and (18)
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Where
i=HJu, v=HJv. (21)

eqns (18)—(20) are similar to the equations deduced in the
SAM method by Shi and Sun[7] except that J is indepen-
dent with time in the present paper because the co-ordinates
do not move along with the moving boundary. In this case,
the moving boundary in shallow water must be modeled by
the vertical walls which can move discontinuously accord-
ing to a prescribed wet—dry point criterion. Because eqns
(18)—(20) are taken as the general forms which are not
dependent on any specific co-ordinate transformation, the
densified grid needed in the flood area may be generated by
means of any co-ordinate transformation such as the alge-
braic transformation, the differential transformation and
even artificial ones.

3 NUMERICAL GRID GENERATION

To improve calculation accuracy and numerical stability,
the WDM method needs a very fine grid especially in the
shallow water region. A large number of grid points, how-
ever, may add computation quantity, and in addition, more
computation time will be needed because grid spacing in the
deep water region may lead to small time steps according to
the FCL criterion, which would delay the real-time predic-
tion. It is of importance to generate a grid system with a
varying volume, and a smooth and orthogonal grid is also
important for the accuracy and wet--dry point judgement.
Brackbill and Saltzman proposed a numerical generation
method optimizing simultaneously grid variation in cell
volumes, grid smoothness and orthogonality. The main
idea is that minimizing the functions by which the three
properties are measured results in a set of Euler equations
which are satisfied by the co-ordinate values of grid points
of a mapping x(£,7) or y(£,n).

The differential properties of the mappmg determine the
properties of the computation grid. (IE + yi)” 2 along a level
curve of n or (x + y,,)” 2 along a level curve of £ are related
to grid spacing. Similarly, the volume of computational
cells is related to the Jacobian value J, and the orthogonality
of the grid is related to the scalar, V-V, which is zero when
conjugate lines of the mesh are orthogonal.
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Integrals over the computation mesh measure these
properties of the mapping. The global smoothness of the
mapping is measured by the integral

I= J SLVE” + (Vn)’1dv. (22)

The orthogonality of the mapping is measured by

I,= ID(Vs-Vn)zdv, (23)
or the volume weighted measure

I, = JD(VE-Vn)2J3dV, (24)
and the weighted volume variation is reasured by

I,= JDWJdV. 25)

Where W = W(x,y) is a given function.

The smoothest mapping can be obtained by minimizing
I;, the most orthogonal mapping by minimizing 7, and the
mapping with specified variation of J by minimizing ,.
Because WJ = const and J may represent the cell volume,
the density of computation grids can be controlled by the
given function W(x, y). Minimizing a new function /, where
I=I.+N\,1," +\,1,, yields the final Ealer equations

byxgg + baXgy + baxyy + a1yge + arye + asyy,
, W

=N —, (26)
ox
A1 Xgg + ApXgy + A3Xyy + C1 Yt + C2Yer + C3Vy
oW
= -\ —. Q27
dy

Where a;, b;, ¢;, (i = 1,2,3) are weighted coefficients (see
Ref. [8] for details). To generate a grid, finite difference
approximations to the Euler equations are solved by itera-
tion. By adjusting W, A, and A,, the final grid can be
generated.

4 FINITE DIFFERENCE SCHEME AND WET-DRY
CRITERION

A staggered grid scheme in the £~ plane is employed as
shown in Fig. 2. X denotes a {-point at which { is
computed, O denotes a u-point at which &, U and u are
computed and O denotes a v-point at which ¥, V and v are
computed. The separate labeling for {, u and v in this
scheme is convenient for realizing boundary conditions
and employing the WDM method. The new co-ordinates
(E,n) are taken as integer grid positions, § = 1,2,...,m,
7 = 1,2,...,n, where m and n are chosen to be even so
that there are only wu-points at Il;, Il,, where U = O is
satisfied, and only v-points at IIs, II,, where V = 0. In
the flood area, the moving boundaries are always at u- and
v-points.
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Fig. 2. Grid point arrangement.

Any field value F can be labeled at a grid point as

where p is an integer which represents the number of dis-
crete time intervals At. For finite difference computations, a
given field value is labeled either on a surge elevation { or
transport point i, U,u, 7,V and v as required. Difference
operators are defined by

AF =(F{ = F)IAL, 8F =(Ff, |, — FI_, )AL,
0,F = (FfjJrl —Ffjj_ 24y
averaging operators by
- 1 = 1
Fi= E(Ff+l,j+Ff~l,j)’ F= E(FEH—I +F; )

B = B
and a shift operator by
EF = FﬁiH
The discretizations of (18) are then based upon
JAL +8,(H IU) +8,(H"IV) =0. (28)

eqn (28) is used in the updating procedure at all {-points
even at dry points because at these dry points, U = 0 and V
= Q results in A,{ = 0, i.e., there is no variation of the water
surface elevation in dry cells. The elevation along the open
boundary may be updated by the predicted surface eleva-
tions caused by tide or computed in the larger computation
region including the considered region.
The discretizations of (19) and (20) are in the forms

A+ 5, (#0F) + 0, (@VF) - 5 =
ot iy, I Tax
— 8E[[H*(C1y,6:¢ — Coy, ] + -

_ 1+ O E@)

x 29)
E(H)
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AG+8;(F U™ +8,(3"V") + E(fit")
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ay
o
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_ @ +1E )
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Where C;, C,, C; and C, are control parameters (1 or 0)
used in the wet—dry judgment criterion. Eqns (29) and (30)
are used for updating & and ¥ respectively and then values
of u and v are deduced from (21)

(30)

_ u _ v
LoEE T IR
After updating u and v the updated values of U and V may
be obtained by applying (7) and (8).

Eqgns (29) and (30) cannot be conducted in dry points in
the flood area. 1t is therefore necessary to determine whether
the grid point in which velocity is being calculated is dry or
wet, and also the circumstances surrounding the grid point.
Thus a criterion is introduced as follows.

To make the wet—dry judgement method more conveni-
ent, we obtain the total depth H at u, v points by linear
interpolation between values of H at adjacent { points.

The wet—dry point judgement criterion in the present
paper is in principle similar to that described by Flather
and Heaps.[2] The employment of a rectangular grid in
their model led to, relatively speaking, a simple criterion,
whereas for the present non-orthogonal grid, gig and gf-,
appear simultaneously in (19) or (20), so the contribution
of the two terms must also be considered simultaneously.

Before calculating u; ; at the u-point (i,j) by means of eqn
(29), the following criterion should be met.

LifH; =<0, u;; could not be calculated and U; i=0,
i.e., the contravariant component U at the dry point is
zero according to the boundary condition (11).

2. if H; ; > 0, the value of C, and C; in eqn (29) should
be first decided according to the total depth H of the
surrounding points as below.

If (a) Hi—l,j >0 and Hl"l—l,j > O,
or (b) Hi_;>0 and
Sic1j—§iv1j > 6

or () H;_,;<0 and H;; ;>0 and
g‘,‘+],}‘ e ;i—l.j >e¢then C| = 1. If none of (a), (b) or
(c) are satisfied, then C; = 0.

Hi+l,j<0 and

€ is a small parameter given for the numerical stability,
and ¢ = 1 cm in the present paper.
Similarly, if

(a) Hi,j+l >0 and Hi,j—\ >0,

oo (b H;; >0 ad H;;, <0 and
$ij—t—Sij+1 6
or (¢) H;; <0 ad H;;,;,>0 and

$ij+1— $ij—1 > ethen C; = 1. 1f none of (a), (b) or
(c) are satisfied, then C, = 0.

Based on the results of C; and C,, we can then decide
whether to calculate ,; or not. If C, and C, are not zero
simultaneously, ; ; should be calculated using eqn (29) with
the present C; and C, values; if C; and C, are zero simul-
taneously, the grid point (ij) will be excluded from the
computation. Here it is emphasized that when C, = 0, U, ;
should be set to zero to satisfy the boundary condition (11).

The similar criterion should be conducted prior to calcu-
lating v; ; at v-points using (30).

It should be noted that the value of { at dry points should
not be zero so it can prevent a large value of %g or %fl which
may produce an unreasonably large value of u or v when a
dry point becomes wet. So at the beginning of the computa-
tion, the value of { at dry points should be slightly smaller
than the value of % at local points.

5 APPLICATION TO STORM SURGE FLOODING

The simulation of the storm surge inundation in the
Huanghe Delta on 7 April 1994 is conducted in this section
to show the basic performance of the present method.

In spring and autumn, the region of the Bohai Sea in
North China is frequently hit by so-called wind surges
caused by cold air. The most severely afflicted area is the
Huanghe Delta, which has a small slope of 0.1-0.15% and
is prone to inundation during a storm surge. In the 60s alone,
three large storm surges occurred in the Bohai Sea and these
made surges in the Huanghe Delta of greater than 3.5 m.
The storm surge in April 1969 made an inland intrusion of
more than 30 km in the Huanghe Delta, which caused a huge
loss of life and material. In the last twenty years, however,
there have been several cases of large wind surges of greater
than 3m in the Huanghe Delta, the losses apparently
decreased because a great many dykes were built in the
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Fig. 3. Grids in the physical plane.
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Fig. 4. Grids in the image plane.

coastal area and the forecasting and warnings of such surges
have been routinely put into use. Also. numerical models
have been used successfully in storm forecasting. The storm
surge flooding model has proved to be very useful for
improving the predicted accuracy and for obtaining the
maximum flood area in a low slope coastal area such as
the Huanghe Delta, Zhujiang Delta and Minjiang River
Mouth. The present method is used to simulate the wind
surge that occurred on 7 April 1994 in the Huanghe Delta,
and the results are compared with the observation.

For the real-time forecasting of storm surge inundation in
the Huanghe Delta, two kinds of WDM method rectangular
grids were previously used.[9,10] The results produced are
not satisfactory because the uniform grid with the same grid
spacing is relatively coarse in the flood area. The present
WDM method can be used to adjust, according to the topo-
graphy and shapes of dykes, the grid density to meet the
needs of the flooding computation in thz more complicated
shallow water region.

Fig. 3 shows the grid generated in the Huanghe Delta and
its corresponding grid in the image plane is shown in Fig. 4.
In the eastern part of the Huanghe Delta, the dykes are built
continuously along the coastal line to protect industrial
regions from the inland intrusion of sea water. The boundary
of the computation domain is designed to fit all the dykes. In
the north part of the Huanghe Delta, the boundary is
designed in a circlular curve where the depth is over
4.5 m. In the whole computation region, the grid in the
shallow water area is densified by adjusting W in a value
range between 1.0 and 3.0. and A, = 1.0 and A, = 2.5 in the
present paper.

To simulate the storm surge inundation of 7 April 1994, a
fixed boundary model (FBM) with a rectangular grid
spacing of 1/12 latitude or longitude is adopted to give the
surface elevation in the open boundaries of the present com-
puted region. The FBM model has been used in the whole
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Fig. 5. Grid arrangement of FBM.

Bohai Sea by the Marine Environmental Forecasting Center
(MEFC) of the State Oceanic Administration (SOA) of
China for routine surge forecasting.

Fig. 5 shows the grid of the FBM in the same region as
that of the WDM. Four main tide components K;, O,, M,
and S, are considered at the open boundaries of the FBM.
The computation method for predicting wind field as
described in Ref. [11] is adopted.

Fig. 6 gives the variation of sea surface elevation at the
Yangjiaogou Station calculated from WDM and FBM
together with observed data. From Fig. 6, we note that
WDM predicts a maximum sea-surface elevation of
2.50 m at t = 15:30. However, FBM predicts a maximum
elevation of approximately 2.62 m at ¢ = 13:30. Conse-
quently, FBM overpredicts in comparison with WDM
presumably because of the unrealistic piling up of water at
the fixed vertical side-wall boundary. In WDM this piling up
does not take place since the water may flow inland thus
reducing the maximum elevation. Undoubtedly the differ-
ence between the two results will become greater when a
more severe storm surge is calculated by WDM and FBM. It
is also pointed out that the fine grid in WDM makes the
calculation more accurate than the rough grid in FBM.

Fig, 7(a)-(d) shows respectively the current distributions
and the flooded area at various times. Fig. 7(a) displays the
current distribution at 00.00 on 7 April before the storm
begins. We note that, in comparison with the original
coastline, only a few dry points become wet, and this
implies that before the storm, the current is controlied by
the harmonic tide and tidal range is small in the Huanghe
Delta. When the storm begins, the westward current driven
by the westward wind becomes stronger. Hence the storm
surge will occur first in the northwestern part of the
Huanghe Delta as shown in Fig. 7(b) which reveals the
current distribution and the flooded area at 08:00 on 7






